Abstract. The aim of this paper is to study the cohomology of Hom-Leibniz superalgebras. We construct the q-deformed Heisenberg-Virasoro superalgebra of Hom-type and provide as application the computations of the derivations and second cohomology group. Moreover, we extend to graded case the Takhtajan's construction of a cohomology of n-ary Hom-Nambu-Lie algebras starting from cohomology of Hom-Leibniz algebras.
Introduction
In [22] , J.-L. Loday introduced a non-skewsymmetric version of Lie algebras, whose bracket satisfies the Leibniz identity. They are called Leibniz algebras. The Leibniz identity, combined with antisymmetry, is a variation of the Jacobi identity, hence Lie algebras are skewsymmetric Leibniz algebras. Recently Leibniz superalgebras were studied in [1, 15] and [21] , etc.. [19] , Hom-Lie algebras as a part of a study of deformations of Witt and Virasoro algebras, while the graded case was considered in [14] . A Hom-Leibniz superalgebra is a triple (A, [·, ·], α), in which A is a Z 2 -graded vector space and α is an even endomorphism of A satisfying an α-twisted variant of the Jacobi identity Generalizations of Leibniz algebras and Lie algebras, called n-ary Nambu algebras, appeared first in statistical mechanics [10, 11] . Moreover, Nambu mechanics [28] involves an n-ary product [·, ..., ·] that satisfies the n-ary Nambu identity, which is an n-ary generalization of the Jacobi identity.
Hartwig, Larsson and Silvestrov introduced, in
x 1 , ...., x n−1 , [y 1 , ...., y n ] = n i=1 y 1 , ...., y i−1 , [x 1 , ...., x n−1 , y i ], y i+1 , ..., y n , ∀ (x 1 , ..., x n−1 ) ∈ N n−1 , (y 1 , ..., y n ) ∈ N n .
These generalizations include n-ary Hom-algebra structures generalizing the n-ary algebras of Lie type such as n-ary Nambu algebras, n-ary Nambu-Lie algebras and n-ary Lie algebras. See also [8, 33, 34, 35] .
The purpose of this paper is to study Hom-Leibniz superalgebras and n-ary Hom-Nambu-Lie superalgebras. Section 1 is dedicated to basics, we recall definition of the Hom-Leibniz superalgebras, introduce the representations and the derivations of Hom-Leibniz superalgebras and prove as application a construction of q-deformed Heisenberg-Virasoro superalgebra. In the second Section we provide a cohomology of Hom-Leibniz superalgebras and compute the derivations and scalar second cohomology group of q-deformed Heisenberg-Virasoro superalgebra. In the last Section, we show a relationship between HomLeibniz superalgebras and n-ary Hom-Nambu-Lie superalgebras. Moreover, we define a cohomology of n-ary Hom-Nambu-Lie superalgebras and we generalize to twisted situation and graded case, the process used by Daletskii and Takhtajan [13] to relate cohomologies of n-ary Hom-Nambu-Lie superalgebras and Hom-Leibniz superalgebras.
Hom-superdiagebras and Hom-Leibniz superalgebras
Throughout this paper, we will for simplicity of exposition assume that K is an algebraically closed field of characteristic zero, even though for most of the general definitions and results in the paper this assumption is not essential. A vector space V is said to be a Z 2 -graded if we are given a family (V i ) i∈Z2 of vector subspace of V such that V = V 0 ⊕ V 1 . The symbol |x| always implies that x is a Z 2 -homogeneous element and |x| is the Z 2 -degree. In the sequel, we will denote by H(A) the set of all homogeneous elements of A and H(A n ) refers to the set of tuples with homogeneous elements.
1.1. Definitions. for all x, y ∈ H(A). 
(3) A morphism of Hom-Leibniz superalgebras is a weak morphism of Hom-Leibniz superalgebras such that
(4) An automorphism of Hom-Leibniz superalgebras is a morphism of Hom-Leibniz superalgebras which is bijective.
1.2.
Representation of Hom-Leibniz superalgebras. Let (A, [·, ·], α) be a Hom-Leibniz superalgebra.
, for all x, y ∈ H(A). 
, α) be a multiplicative Hom-Leibniz superalgebra. A is a module over A, where the operator is the twist map α.
1.3. q-deformed Heisenberg-Virasoro superalgebra of Hom-type. In the following, we describe q-deformed Heisenberg-Virasoro superalgebra of Hom-type and compute its derivations and the second scalar cohomology group. Let A be the complex superalgebra A = A 0 ⊕ A 1 where A 0 = C[t, t −1 ] is the Laurent polynomials in one variable and
, where θ is the Grassman variable (θ 2 = 0). We assume that t and θ commute. The generators of A are of the form t n and θt n for n ∈ Z. Let q ∈ C\{0, 1} and n ∈ N, we set {n} = 1−q n 1−q , a q-number. The q-numbers have the following properties {n + 1} = 1 + q{n} = {n} + q n and {n + m} = {n} + q n {m}. Let A q be a superspace with basis {L m , I m |m ∈ Z} of parity 0 and {G m , T m |m ∈ Z} of parity 1, where
We define the bracket
Let α be an even linear map on A q defined on the generators by
is a Hom-Lie superalgebra, called the q-deformed HeisenbergVirasoro superalgebra of Hom-type.
Proof. We just check
Let L m , L r , I n , G k , T l be a homogeneous elements of A q , then we have
and
By the same calculation we can proof the other equality. This ends the proof.
Cohomology of Hom-Leibniz superalgebras
In the following we define a cohomology of Hom-Leibniz superalgebras and describe the cohomology space H Definition 2.1. A n-hom-cochain on A with values in V is defined to be an n-cochain ϕ ∈ C n (A, V ) such that it is compatible with α and β in the sense that
We denote by C n α,β (A, V ) the set of n-hom-cochains:
In the sequel we assume that the Hom-Leibniz superalgebra (A, [·, ·], α) is multiplicative. 
which completes the proof. 
Proof. Let n = 1. Since
Since ϕ • α = β • ϕ and
Our conclusion holds. In general, to prove δ n+1 • δ n = 0 for n ≥ 2, we proceed by induction. Suppose
where
In addition, X 6 = −X 2 , X 7 = −X 5 . By (1.6) and (2.1), we can easily check that X 1 + X 3 = 0 and
This completes the proof of this Theorem.
Definition 2.5. Let (A, [., .], α) be a Hom-Leibniz superalgebra and (V, β) be an A-module. Then we define (1) The p-cocycle space
. It decomposes as well as even and odd p th cohomology spaces. We denote
Second cohomology group of q-deformed Heisenberg-Virasoro superalgebra of Homtype H 2 0 (A q , C). We denote by [ϕ] the cohomology class of an element ϕ. Theorem 2.9.
Now, suppose that ϕ is a q-deformed 2-cocycle on A q . From (2.6), we obtain
In [5, 36] By (2.7) and taking the triple (
, and ϕ(G n , G p ) which define ϕ. Then we have
Now taking the triple (x, y, z) to be (L n , T m , T p ) and (L n , T m , T p ) in (2.7) to obtain ϕ(T n , T p ), and
Thus ϕ(T n , T p ) = 0 for all n = p. Taking n = 0 and m = p in (2.9)
which implies that ϕ(T m , T m ) = 0 for all m = 0. Taking n = 0 and m = −p in (2.9), we have ϕ(T 0 , T 0 ) = 0. Thus ϕ(T n , T m ) = 0 for all n, m ∈ Z.
•
Similarly we can prove that ϕ(G n , T m ) = 0 for all n, m ∈ Z. We denote by f the even linear map defined on A by
It is easy to verify that
3. Derivations of the Hom-Lie superalgebra A q
In this section we compute the derivations of q-deformed Heisenberg-Virasoro superalgebra of Hom-type A q and its q-derivation. A homogeneous α k -derivation is said of degree s if there exists s ∈ Z such that for all n ∈ Z we have D(< L n >) ⊂< L n+s >. The corresponding subspace of homogeneous α k -derivations of degree s is denoted by Der
We deduce that
3.1. The α 0 -derivation of the Hom-Lie superalgebra A q .
Proposition 3.1. The set of even α 0 -derivations of the Hom-Lie superalgebra A q is 
a s,n = δ s,0 na s,1 and e s,n = δ s,0 e s,0 (See [4] ). By (3.1) and (3.9), we have ({m} − {n})b s,m+n = {s + m}b s,m − {s + n}b s,n .
If m = 0, we have
If s = 0, we have 
Let D be an odd derivation of degree s:
a s,n = δ s,−1 na s,1 and e s,n = 0 (See [4] ). By (3.1) and (3.15) we have ({m} − {n})b s,m+n = {s + m+}b s,m − {s + n + 1}b s,n .
If s = −1, we have
Taking n = 2s + 2 and m = s + 1, we have b s,0 = 0, so b s,n = 0. If s = −1 and n = m, we have
If m = 1, n = 4, then
Thus, using (3.17), (3.18) and (3.19), we have
. . .
= 0.
So b −1,n = 0, then, for all s, n, b s,n = 0. Similarly we can prove that c s,n = 0,
Proof. Case 1: |D| = 0 Let D be an even derivation of degree s:
By (3.1) and (3.20) we have
We deduce that We deduce that
Then c s,n = 0 and d s,n = 0, so
Case 2: |D| = 1 Let D be an odd derivation of degree s:
By (3.1) and (3.21) we have ({m} − {n})a s,m+n = (1 + q n )({s + m + 1} − {n})a s,m + (1 + q m )({m} − {s + n + 1})a s,n , ({m} − {n})b s,m+n = (1 + q n ){s + m + 1}b s,m − (1 + q m ){s + n + 1}b s,n .
Then if m = n, we have
If m = 0, we have If n = 0, we have
Since a s,0 = 0, so c s,n = 0 and d s,n = 0. We deduce that D(I n ) = 0. By (3.3) and (3.21), we deduce that D(G n ) = 0 and by (3.4) and (3.21), we have D(T n ) = 0, hence D ≡ 0.
3.3.
The q-derivation of the Hom-Lie superalgebra A q . In this section, we study the q-derivations of A q . The derivation algebra of A q is denoted by QDerA q . Since A q is Z 2 -graded Hom-Lie superalgebra, we have
where (QDerA q ) 0 denotes the set of even derivations of A q , and (QDerA q ) 1 denotes the set of odd derivations of A q Definition 3.4. Let ϕ : A q → A q a linear map, then ϕ is called an even q-derivation (resp. an odd q-derivation) if
where x, y are homogeneous elements in A q . For a fixed a ∈ (A q ) i , we obtain the following q-derivation
The map is denoted by ad a and is called the inner q-derivation.
Proposition 3.5. If ϕ is an even q-derivation of degree s = 0 then it is an inner derivation, more precisely:
(QDerA q ) 0,s =< ad Ls + ad Is > .
Proof. Let ϕ be an even q-derivation of degree s = 0:
By (1.9) and (3.24), we have
We deduce that, a s,n =
By (1.10) and (3.24), we obtain
We deduce that, c s,n = 0, ∀ n ∈ N and d s,n = 1−q n q s −1 a s,0 . Moreover,
Applying the same relations (1.11) and (3.24), we have
And by (1.13) and (3.24), we have Proposition 3.6. If ϕ is an odd q-derivation of degree s = −1 then it is an inner derivation, more precisely:
Proof. Let ϕ be an odd q-derivation of degree s = −1:
By (1.9) and (3.29), we have
We deduce that, a s,n = q s+1 −q n q s+1 −1 a s,0 and b s,n = b s,0 . On the other hand,
{s+1} ad Ts (L n ). By (1.10) and (3.29), we have
{n}c s,n = 2 1 + q s+1 {s + n + 1}c s,n , {n}d s,n = 2 1 + q s+1 {s + n + 1}d s,n + 1 + q n 1 + q s+1 {n}a s,0 .
We deduce that, c s,n = 0 and d s,n = 1−q n q s+1 −1 a s,0 . On the other hand,
So ϕ(I n ) = as,0 {s+1} ad Gs (I n ) + bs,0 {s+1} ad Ts (I n ). similarly, by (1.11) and (3.29), we have
And by (1.13) and (3.29), we have
Which implies that
ad Ts .
4.
Cohomology of n-ary Hom-superalgebras induced by cohomology of Hom-Leibniz superalgebras 4.1. n-ary Hom-Nambu superalgebras. In this section, we recall the definitions of n-ary Hom-Nambu algebras and n-ary Hom-Nambu-Lie algebras, introduced in [8] by Ataguema, Makhlouf and Silvestrov and we generalize them to superalgebras cases. x 1 ) , . . . , α n−1 (x n−1 )) ∈ H(N ) n−1 and y ∈ H(N ). We define an adjoint map ad(x) as a linear map on N , such that
Then the Super-Hom-Nambu identity (4.1) may be written in terms of adjoint map as
Remark 4.3. When the maps (α i ) 1≤i≤n−1 are all identity maps, one recovers the classical n-ary Nambu superalgebras. The Super-Hom-Nambu Identity (4.1), for n = 2, corresponds to Super-Hom-Jacobi identity (see [25] ), which reduces to Super-Jacobi identity when α 1 = id. In the sequel we deal with a particular class of n-ary Hom-Nambu-Lie superalgebras which we call n-ary multiplicative Hom-Nambu-Lie superalgebras. 
For simplicity, we will denote the n-ary multiplicative Hom-Nambu superalgebra as (N, [·, ..., ·], α) where α : N → N is a linear map. Also by misuse of language an element x ∈ H(N ) n refers to x = (x 1 , .., x n ), where x i ∈ H(N ), and α(x) denotes (α(x 1 ), ..., α(x n )).
4.2.
From n-ary Hom-Nambu-Lie superalgebra to Hom-Leibniz superalgebra. Let (N, [·, ..., ·], α) be an n-ary multiplicative Hom-Nambu-Lie superalgebra. On ∧ n−1 N which is the set of elements x 1 ∧ ... ∧ x n−1 that are skew-symmetric in their arguments, we define, for x = x 1 ⊗ ... ⊗ x n−1 ∈ ⊗ n−1 N , a linear mapα :
and an even bilinear map [ , ] α :
We denote by L(N ) the space ∧ n−1 N and call it the fundamental set, L(N ) is Z 2 -graded. Proof. Let x = x 1 ∧ ... ∧ x n−1 , y = y 1 ∧ ... ∧ y n−1 and u = u 1 ∧ ... ∧ u n−1 ∈ H(L(N )), the Super-Leibniz identity (1.1) can be written
(−1)
The right hand side of (4.10) is skew-symmetric in x, y. Hence,
In the other hand, using Definition (4.7), we find
The identity (4.9) holds by using Lemma 4.6.
Remark 4.8. We obtain a similar result if we consider the space T N = ⊗ n−1 N instead of L(N ).
4.3.
Representations of Hom-Nambu-Lie superalgebras. We provide in the following a graded version of the study of representations of n-ary Hom-Nambu-Lie algebras stated in [2] . 
where ν is an even endomorphism on V . We denote this representation by a triple (V, ρ, ν).
Remark 4.10. Let (N, [·, ..., ·], α) be a multiplicative n-ary Hom-Nambu superalgebra. The identity (4.12) can be written 
and for p > 0 by
where we set
Then there exists a cohomology complex (C
• α,α (N, N ), δ) for n-ary Hom-Nambu-Lie superalgebras such that d • ∆ = ∆ • δ.
The coboundary map
Proof. Let ϕ ∈ C 
